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Abstract. Our paper deals about identities involving Bell polynomials. Some identities on
Bell polynomials derived using generating function and successive derivatives of binomial type
sequences. We give some relations between Bell polynomials and binomial type sequences in
first part, and, we generalize the results obtained in [4] in second part.
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1 Introduction
Recall that the (exponential) partial Bell polynomials Bn,k (x1, x2, ..) are defined by their generating
function:
∞∑
n=k
Bn,k (x1, x2, ...)
tn
n!
=
1
k!
(
∞∑
m=1
xm
tm
m!
)k
. (1)
and the (exponential) complete Bell polynomials An (x1, x2, ..) are given by
An (x1, x2, ..) :=
n∑
k=1
Bn,k (x1, x2, ...) with A0 (x1, x2, ..) := 1.
Comtet [3] studies the Bell polynomials and gives some basic properties for them. Some applications
of Bell polynomials are given by Riordan [5] in combinatorial analysis and by S. Roman [6] in umbral
calculus. Recently, by using the Lagrange inversion formula (LIF), Abbas and Bouroubi [1] give some
identities for the partial Bell polynomials, and, Mihoubi [4] also gives some extensions involving to the
partial and complete Bell polynomials. For any sequence (xn;n ≥ 1) with x1 = 1 and any natural numbers
1
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r, s, recall that Proposition 4 in [4] gives:
Bn,k
(
B (s, s) , ...,
ms
r (m− 1) + s
B ((r + 1) (m− 1) + s, r (m− 1) + s)((r+1)(m−1)+s
r(m−1)+s
) , ...
)
(2)
=
(
n
k
)
sk
r (n− k) + sk
B ((r + 1) (n− k) + sk, r (n− k) + sk)((r+1)(n−k)+sk
r(n−k)+sk
) ,
where B (n, k) := Bn,k (x1, x2, x3, ...) .
Then if we put
Y (n, k) :=
(
n
k
)
sk
r (n− k) + sk
B ((r + 1) (n− k) + sk, r (n− k) + sk)((r+1)(n−k)+sk
r(n−k)+sk
) , (3)
we conclude, from (2), that the sequence (Y (n, k)) satisfies the equation:
Bn,k (Y (1, 1) , Y (2, 1) , Y (3, 1) , ...) = Y (n, k) . (4)
In general, from the definition (1), if we put ψ (t) =
∞∑
m=1
xm
tm
m!
and Y (n, k) = 1k!D
n
t=0 (ψ (t))
k
, then for
all integers n, k, with n ≥ k ≥ 1, the sequence (Y (n, k)) satisfies (4). Hence, to find identities for the
partial Bell polynomials, it suffices to find sequences (Y (n, k)) satisfy the equation (4).
Similarly to the partial Bell polynomials, for any sequence (xn;n ≥ 1) with x1 = 1 and any natural
numbers r, s (r ≥ 1) , another relation for the complete Bell polynomials is given by Proposition 8 in [4]
by:
An
(
sB (r + 1, r)
r (r + 1)
, ...,
s
nr
B ((r + 1)n, nr)(
(r+1)n
nr
)
)
=
s
nr + s
B ((r + 1)n+ s, nr + s)(
(r+1)n+s
nr+s
) (5)
where B (n, k) : = Bn,k (x1, x2, x3, ...) ,
and if we put
Z (n, s) :=
1
nr + s
B ((r + 1)n+ s, nr + s)(
(r+1)n+s
nr+s
) , (6)
we conclude, from (5), that the sequence (Z (n, s)) satisfies the equation:
An (sZ (1, 0) , sZ (2, 0) , ..., sZ (n, 0)) = sZ (n, s) . (7)
Hence, to find identities for the complete Bell polynomials, it suffices to find sequences (Z (n, s)) satisfy
the equation (7). Therefore, to determine solutions for (4) and (7), we exploit the strong connection
between Bell polynomials and binomial type sequences. For any binomial type sequence (fn (x)) , with
f0 (x) := 1, one of such connections is given in [6, p. 82] by
fn (x) =
n∑
k=1
Bn,k (x1, x2, ...)x
k with xn =
d
dx
fn (x)|x=0 . (8)
On the basis of the results obtained in [4] and the relation (8), we derive in this paper some interesting
identities and relations related Bell polynomials and binomial type sequences.
For the next of this paper, we will denote by Dtf (t) , D
j
tf (t) , Dt=xf (t) or Df (x) and D
j
t=xf (t) ,
respectively, for the derivative of f, the j− th derivative of f, the derivative of f evaluated at t = x, and
the j − th derivative of f evaluated at t = x.
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2 Main results
For the next of this work, for any sequence (fn (x)) of binomial type with f0 (x) = 1 and for a given real
number a, we define
fn (x; a) :=
x
an+ x
fn (an+ x) with f0 (x; a) = 1. (9)
The sequence (fn (x; a)) is of binomial type, see [4] .
To simplify any expression below we put
T = T (n, k) := r (n− k) + sk, R = R (n, s) := nr + s
and (fn (x)) denotes a sequence of binomial type with f0 (x) = 1.
The two following theorems give some interesting relations between Bell polynomials and binomial type
sequences. These relations are used to deduce several identities for partial and complete Bell polynomials
as it is illustrated below. To prove these theorems, we use the following Lemma:
Lemma 1 Let n, k be integers with n ≥ k ≥ 1 and a, α be a real numbers. We have
Bn,k (α, 2Dz=0 (e
αzf1 (x+ z; a)) , ...,mDz=0 (e
αzfm−1 (kx+ z; a)) , ...) (10)
=
(
n
k
)
Dkz=0 (e
αzfn−k (kx+ z; a)) .
This identity can be replaced when α = 0 by
Bn,k (Dxf1 (x; a) , ..., Dxfm (x; a) , ...) =
1
k!
Dkz=0fn (kx+ z; a) . (11)
Theorem 2 Let a, x, α be real numbers and n, k, r, s be natural numbers with n ≥ k ≥ 1 and r + s ≥ 1.
Then the sequence
Y (n, k) :=
(
n
k
)
sk
T
DTz=0 (e
αzfn−k (Tx+ z; a)) (12)
satisfies (4). For α = 0 the sequence (Y (n, k)) can be replaced by
Y (n, k) :=
n!
k! (T + n− k)!
sk
T
DTz=0fT+n−k (Tx+ z; a) . (13)
For r = s = 0, we put Y (n, k) :=
(
n
k
)
fn−k (x; a) .
Theorem 3 Let a, x, α be real numbers and n, r, s be natural numbers with n ≥ 1, r ≥ 1. Then for α 6= 0
the sequence
Z (n, s) :=
1
αs
1
R
DRz=0 (e
αzfn (Rx+ z; a)) (14)
satisfies (7), and (case α = 0) the sequence
Z (n, s) :=
1
(Df1 (0))
s
1
R
n!
(R+ n)!
DRz=0fR+n (Rx+ z; a) (15)
satisfies (7).
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More generally, Theorem 2 can be generalized as follows:
Theorem 4 Let (an;n ≥ 1) be a real sequence; n, k, r, s, u, v be natural numbers with n ≥ k ≥ 1, r+s ≥ 1
and x, a, α, β, λ be real numbers. Then the sequence
Y (n, k) :=
(
n
k
)
sk
T
T !
∑
j≥T
Bj,T (a1, a2, ...)D
ju+vT
z=βj+λT {e
αzfn−k (z; a)}
xj
j!
(16)
satisfies (4). For α = 0 the above sequence can be replaced by
Y (n, k) :=
n!
k!
sk
T
T !
h+T∑
j=T
Bj,T (a1, a2, ...)
Dju+vTz=βj+λT f(u+v)T+n−k (z; a)
((u+ v)T + n− k)!
xj
j!
(17)
where h =
[
n−k
u
]
for u ≥ 1, h =∞ for u = 0 and [x] is the largest integer ≤ x.
More generally, Theorem 3 can be generalized as follows:
Theorem 5 Let (an;n ≥ 1) be a real sequence, n, r, s, u, v be natural numbers with r ≥ 1 and a, α, β, λ
be real numbers. Then for α 6= 0, the sequence
Z (n, s) :=
R!
γsR
∑
j≥R
Bj,R (a1, a2, ...)D
ju+vR
z=βj+λR {e
αzfn (z; a)}
xj
j!
(18)
with γ := αvϕ (xαu) and ϕ (x) :=
∞∑
i=1
ai
xi
i!
satisfies (7). For α = 0 the above sequence can be replaced by
Z (n, s) :=
n!R!
γsR
g+R∑
j=R
Bj,R (a1, a2, ...)
Dju+vRz=βj+λRfn+(u+v)R (z; a)
(n+ (u+ v)R)!
xj
j!
(19)
with γ :=
{
a1x (Df1 (0))
u+v if u ≥ 1
(Df1 (0))
v
ϕ (x) if u = 0
and ϕ (x) :=
∞∑
i=1
ai
xi
i!
,
where g :=
[
n
u
]
for u ≥ 1, and, g =∞ for u = 0.
Remark 6 For an = 0 (n ≥ 2) in Theorem 4 we obtain Theorem 2.
For an = 0 (n ≥ 2) in Theorem 5 we obtain Theorem 3.
For x = α = 0 in Theorem 2 we obtain Corollary 5 in [4].
For x = α = 0 in Theorem 3 we get Corollary 9 in [4] .
From (12) the sequence Y1 (n, k) := lim
α→0
α−TY (n, k) satisfies (4) and gives Proposition 1 in [4] , and
similarly, from (14) the sequence Z1 (n, s) := lim
α→0
α−nrZ (n, s) satisfies (7) and gives Proposition 3 in [4] .
By using (8) and (9) we can construct several binomial type polynomials as
pn (t) := t
n∑
k=1
Y (n, k) (bn+ t)
k−1
, (p0 (t) := 1) ,
where (Y (n, k)) is given by (13) or (12).
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3 Applications
We give in this section another versions of Theorems 2, 3 and we present some particular cases of the
above results.
3.1 Some applications of Theorem 2
The following corollaries gives a practical version of Theorem 2.
Corollary 7 Under the hypothesis of Theorem 2 the sequence
Y (n, k) :=
(
n
k
)
sk
T
n−k∑
j=0
(
T
j
)
Djz=Tx fn−k (z; a)α
j (20)
satisfies (4).
Proof. From (12), we have
Y (n, k) =
(
n
k
)
sk
T
n−k∑
j=0
(
T
j
)
DT−jz=0
(
ez/α
)
Djz=0fn−k (Tx+ z; a)
=
(
n
k
)
sk
T
n−k∑
j=0
(
T
j
)
Djz=0fn−k (Tx+ z; a)
(
1
α
)T−j
.
We conclude noticing that Y1 (n, k) := α
TY (n, k) satisfies (4).
Example 8 For fn (x) = x
n the sequence (Y (n, k)) in (20) becomes
Y (n, k) :=
(
n
k
)
sk
T
n−k∑
j=0
(
T
j
)
(n− k)!
(n− k − j)!
(Tx+ a (n− k))n−k−j−1 (Tx+ aj)αj
and for a = 0, α = 1 the last sequence becomes
Y (n, k) := T !
(
n
k
)
sk
T
n−k∑
j=0
(
n− k
j
)
(Tx)
n−k−j
(T − j)!
.
The following corollary gives a practical version of Theorem 2 when α = 0.
Corollary 9 Under the hypothesis of Theorem 2 the sequence
Y (n, k) :=
sk
T
(
n
k
)(
T + n− k
n− k
)−1n−k∑
j=0
(
T + j − 1
T − 1
)
B (T + n− k, T + j)× (21)
(((r + 1) c− b) j + b (n− k) + csk) (b (n− k) + csk)
T+j−1
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satisfies (4), and in particular the sequence
Y (n, k) : =
sk
T
(
n
k
)(
T + n− k
n− k
)−1
× (22)
n−k∑
j=0
(
T + j − 1
T − 1
)
B (T + n− k, T + j) (T + n− k)
j
xj
satisfies (4), where Bn,k (x1, x2, x3, ..) := B (n, k) .
Proof. Let (xn;n ≥ 1) be a sequence of real numbers. From (13), it suffices to express Y (n, k) by
considering the binomial type sequence
fn (x; a) := x
n∑
k=1
Bn,k (x1, x2, ...) (an+ x)
k−1
with f0 (x) = 1, (23)
put after b := ra + rx + a, c := x + a. To obtain (22), it suffices to choice b = (r + 1) c, c = x in (21).
To obtain (22), it suffices to choice b = (r + 1) c, c = x in (21).
Example 10 By using the well-known identity Bn,k (1, 2, 3, ...) =
(
n
k
)
kn−k, if xn = n, the sequence given
by (22) becomes
Y (n, k) =
n!
k!
sk
(T + n− k)!
n−k∑
j=0
(
T + n− k
T + j
)
(T + j)
n−k−j
(T + n− k)
j x
j
j!
,
and by using the well-known identity Bn,k (1!, 2!, 3!, ...) =
(
n
k
) (n−1)!
(k−1)! (the Lah numbers), if xn = n!, the
sequence given by (22) becomes
Y (n, k) =
n!
k!
sk
T + n− k
n−k∑
j=0
(
T + n− k
T + j
)
(T + n− k)
j x
j
j!
.
More applications can be constructed by choosing in (21) or (22) xn as 1, nfn−1 (y; a) , Dxfn (x; a) .
Example 11 For r = 0, s = 1, α = 0 and fn (x) := Bn (x) =
n∑
j=1
(
n
j
)
S (n, j) in (13), with S (n, j) are
the Stirling numbers of the second kind, we obtain:
Bn,k
(
1, ...,
xBm+1 (am+ x)−
(
x2 + amx− am
)
Bm (am+ x)
(am+ x)
2 , ...
)
= kx
n−k∑
l=0
(
l + k
k
)
S (n, l + k) (an+ kx)
l−1
.
For r = 0, s = 1, α = 0 and fn (x) := [x]n =
n∑
j=1
s (n, j)xj in (13), where s (n, j) are the Stirling numbers
of the first kind, we obtain:
Bn,k
(
1, ..., [am+ x− 1]m−1
(
m−
m−1∑
i=1
am−i
am+x−i
)
, ...
)
=
kx
n−k∑
l=0
(
l+k
k
)
s (n, l+ k) (an+ kx)
l−1
.
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For r = 0, s = 1, α = 0 and fn (x) := [x]
n =
n∑
j=1
|s (n, j)|xj in (13), where |s (n, j)| are the absolute
Stirling numbers of the first kind, we obtain:
Bn,k
(
1, ..., [am+ x− 1]
m−1
(
m−
m−1∑
i=1
am+ i
am+ i+ x
)
, ...
)
= kx
n−k∑
l=0
(
l + k
k
)
|s (n, l + k)| (an+ kx)
l−1
.
3.2 Some applications of Theorem 3
The following corollaries gives a practical version of Theorem 3
Corollary 12 Under the hypothesis of Theorem 3 the sequence
Z (n, s) :=
1
R
n∑
j=0
(
R
j
)
Djz=Rx fn (z; a)α
j (24)
satisfies (7).
Proof. From (14) we have
Z (n, s) =
αs
R
DRz=0
(
ez/αfn (Rx+ z; a)
)
=
αs
R
n∑
j=0
(
R
j
)
Djz=0 (fn (Rx+ z; a))
1
αR−j
=
1
R
n∑
j=0
(
R
j
)
Djz=0 (fn (Rx+ z; a))
αj
αnr
.
We conclude noticing that Z1 (n, s) := α
nrY (n, k) satisfies (4).
Example 13 For fn (x) = x
n and r ≥ 1 the sequence given by (24) becomes
Z (n, s) =
1
R
n∑
j=0
(
R
j
)
n!
(n− j)!
(Rx+ an)
n−j−1
(Rx+ aj)αj
and for a = 0, x = 1, the last sequence becomes
Z (n, s) =
1
R
n∑
j=0
(
R
j
)
n!
(n− j)!
Rn−jαj .
Corollary 14 Under the hypothesis of Theorem 3 the sequence
Z (n, s) :=
1
(Df1 (0))
s
1
R
(
R+ n
n
)−1 n∑
j=0
(
R+ j − 1
R− 1
)
B (R + n,R+ j) (25)
× (cn+ bs)
j−1
{((r + 1) b− c) j + cn+ bs}
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satisfies (7), and in particular the sequence
Z (n, s) : =
1
(Df1 (0))
s
1
R
(
R+ n
n
)−1 n∑
j=0
(
R+ j − 1
R− 1
)
× (26)
B (R+ n,R+ j) (R+ n)j xj
satisfies (7), where Bn,k (x1, x2, x3, ..) := B (n, k) .
Proof. Let (xn;n ≥ 1) be a sequence of real numbers. From (15), it suffices to express Z (n, s) by
considering the binomial type sequence defined in (23), put after b = a + x, c = a + ar + xr. To obtain
(26), it suffices to choice b = (r + 1) c, c = x in (25).
Example 15 If xn = n, the sequence given by (26) becomes
Z (n, s) =
1
(Df1 (0))
s
n∑
j=0
(
n
j
)
(R+ j)
n−j−1
(R+ n)
j
xj
and if xn = n!, the sequence given by (26) becomes
Z (n, s) =
(R+ n− 1)!
(Df1 (0))
s
n∑
j=0
(
n
j
)
(R + n)j
(R+ j)!
xj .
3.3 Some applications of Theorem 4
Some particular cases of Theorem 4 are given by the following corollaries:
Corollary 16 Under the hypothesis of Theorem 4 and v ≥ u the sequences
Y1 (n, k) : =
(
n
k
)
sk
T
T∑
j=0
(
T
j
)
Dju+vTz=βj+λT {e
αzfn−k (z; a)} x
jyT−j, (27)
Y2 (n, k) : =
n!
k!
sk
T
T∑
j=0
(
T
j
)
Dju+vTz=βj+λT fvT+n−k (z; a)
(vT + n− k)!
xjyT−j (28)
satisfy (4).
Proof. Let a1 = p, a2 = 2q and am = 0 for m ≥ 3. To obtain (27) it suffices to replace the identity
Bj,T (p, 2q, 0, 0, ...) =
(
T
j−T
)
p2T−jqj−T in (17) and in (16).
Some particular cases of (29) are given by:
For r = u = 0, v = 1 or u = v = r = 0 in (27), the sequences
Y1 (n, k) : =
(
n
k
) sk∑
j=0
(
sk
j
)
Dskz=βj+λk {e
αzfn−k (z; a)}x
jysk−j , (29)
Y2 (n, k) : =
n!
k!
sk∑
j=0
(
sk
j
)
Dskz=βj+λkfn+(s−1)k (z; a)
(n+ (s− 1)k)!
xjysk−j , (30)
Y3 (n, k) : =
(
n
k
) sk∑
j=0
(
sk
j
)
fn−k (βj + λk; a)x
jysk−j (31)
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satisfy (4), and if s = 1 the last sequences give
Bn,k (αy, ...,m (αyfm−1 (λ; a) + xDz=βfm−1 (z; a)) , ...) (32)
=
(
n
k
) k∑
j=0
(
k
j
)
Dkz=0 {e
αzfn−k ((β − λ) j + λk + z; a)}x
jyk−j ,
Bn,k ((x+ y)Df1 (0) , ..., yDz=λfn (z; a) + xDz=βfn (z; a) , ...) (33)
=
1
k!
k∑
j=0
(
k
j
)
Dkz=0fn ((β − λ) j + λk + z; a)x
jyk−j
Bn,k (y + x, ...,m (yfm−1 (λ; a) + xfm−1 (β; a)) , ...) (34)
=
(
n
k
) k∑
j=0
(
k
j
)
fn−k ((β − λ) j + λk; a)x
jyk−j
Example 17 For fn (x) = x
n, a = 0 and u = 0 or 1 in (27) the sequences
Y1 (n, k) =
sk
T
(
n
k
) T∑
j=0
(
T
j
)
(αT + βj)n−k xT−jyj and
Y2 (n, k) =
n!
k!
sk
T
n−k∑
j=0
(
T
j
)
(αT + βj)n−k−j
(n− k − j)!
xT−jyj
satisfy (4), and for fn (x) = x
n, a = 0, u = 0 or 1, an = n in Theorem 4 the sequences
Y3 (n, k) =
sk
T
(
n
k
) ∞∑
j=0
(αT + βj)
n−k (Tx)
j
j!
and
Y4 (n, k) =
sk
T
(
n
k
)n−k∑
j=0
(
n− k
j
)
(αT + βj)
n−k−j
(Tx)
j
satisfy (4).
An interesting relation between Bell polynomials and Appell polynomials can be viewed as a special
case of Theorem 4 and it is given by:
Corollary 18 For the sequence of polynomials (An (x, y, z)) defined by
An (x, y, z) :=
n∑
j=0
(
n
j
)
aj ((x+ y) j + x+ y + z) (xj + yn+ x+ y + z)
n−1−j
we have
Bn,k (A0 (x, y, z) , ..,mAm−1 (x, y, z) , ...) (35)
=
n∑
j=k
(
n
j
)
Bj,k (a0, 2a1, 3a2, ...) (jx+ ny + kz)
n−j−1
((x+ y) j + kz) ,
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and in particular when x = y = 0 we get
Bn,k (A0 (z) , ...,mAm−1 (z) , ...) =
n∑
j=k
(
n
j
)
Bj,k (a0, ...,mam−1, ...) (kz)
n−j , (36)
where An (z) :=
n∑
j=0
(
n
j
)
ajz
n−j is an Appell polynomial.
Proof. If suffices to use (17) with x = 1, r = v = 0, s = u = 1, fn (x; a) := a (an+ x)
n−1 and replace
an by nan−1.
Example 19 For any sequence (ϕn;n ≥ 1) for real numbers, let In be the identity matrix of order n and
(An) be the sequence of matrices defined by: A0 := 1, An := (aij) for 1 ≤ i, j ≤ n with aij = ϕj−i+1 if
j ≥ i, ai,i−1 = i− 1 and aij = 0 otherwise. Then from [7, p. 110] and from (36) we get:
Bn,k (1, ..,m det (Am−1 + xIm−1) , ..) =
n∑
j=k
(
n
j
)
Bj,k (1, ..,m detAm−1, ..) (kx)
n−j
.
3.4 Some applications of Theorem 5
A particular case of Theorem 5 is given by the following corollary:
Corollary 20 Under the hypothesis of Theorem 5 and v ≥ u the sequences
Z1 (n, s) : =
1
γs1R
R∑
j=0
(
R
j
)
Dju+vRz=βj+λR {e
αzfn (z; a)}x
jyR−j and (37)
Z2 (n, s) : =
n!
γs2R
R∑
j=0
(
R
j
)
Dju+vRz=βj+λRfn+(u+v)R (z; a)
(n+ (u+ v)R)!
xjyR−j (38)
satisfy (7), where γ1 := α
v (xαu + y) and γ2 :=
{
(x+ y) (Df1 (0))
v if u ≥ 1
y (Df1 (0))
v
if u = 0
.
Proof. It suffices to put in Theorem 5 x = 1; a1 = p, a2 = 2q and am = 0 for m ≥ 3 and use the
identity Bj,R (p, 2q, 0, 0, ...) =
(
R
j−R
)
p2R−jqj−R.
Example 21 For fn (x) = x
n, a = 0 and u = 0 or 1 the sequence given by (37) becomes
Z1 (n, s) = (x+ y)
−s 1
R
R∑
j=0
(
R
j
)
(βj + αR)
n
xjyR−j and
Z2 (n, s) =
n!
R
n∑
j=0
1
(n− j)!
(
R
j
)
(βj + αR)n−j xj
satisfy (7), and for fn (x) = x
n, a = 0, x = 1, u = 0 or 1, an = nt
n−1 the sequence given by (19)becomes
Z3 (n, s) =
1
R
n∑
j=0
(
n
j
)
(βj + αR)
n−j
Rjtj and
Z4 (n, s) =
exp (−sx)
R!
∞∑
j=0
(βj + αR)
n (Rx)
j
j!
.
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4 Proof of the main results
Proof of Lemma 1. Let F (t; a)
x
:= 1 +
∞∑
n=1
fn (x; a)
tn
n! . Now, because fn (x; a) is a polynomial of
degree n, then the proof follows from the following expansions:
∞∑
n=0
Dkz=0 (e
αzfn (kx+ z; a))
tn+k
n!
=
∞∑
n=k
n!
(n− k)!
Dkz=0 (e
αzfn−k (kx+ z; a))
tn
n!
and
∞∑
n=0
Dkz=0 (e
αzfn (kx+ z; a))
tn+k
n!
= Dkz=0
(
eαz
∞∑
n=0
fn (kx+ z; a)
tn+k
n!
)
= Dkz=0
(
eαzF (t; a)
kx+z
tk
)
= tkF (t; a)kxDkz=0
(
e(α+lnF (t;a))z
)
= tkF (t; a)
kx
(α+ lnF (t; a))
k
= tke−αkx ((eαF (t; a))
x
ln (eαF (t; a)))
k
= tke−αkx (Dx (e
αF (t; a))x)
k
= tk
(
∞∑
m=0
e−αxDx (e
αxfm (x; a))
tm
m!
)k
=
(
∞∑
m=1
me−αxDx (e
αxfm−1 (x; a))
tm
m!
)k
= k!
∞∑
n=k
Bn,k
(
α, ...,me−αxDx (e
αxfm−1 (x; a) , ...)
) tn
n!
.
Then by identification we get
Bn,k
(
α, 2e−αxDx (e
αxf1 (x; a)) , ...,mDx (e
αxfm−1 (x; a))
)
=
(
n
k
)
Dkz=0 (e
αzfn−k (kx+ z; a)) .
To obtain (10), it suffices to remark that for m ≥ 1 we have
e−αxDx (e
αxfm (x; a)) = Dz=0 (e
αzfm (x+ z; a)) .
The identity (10) can be written when α = 0 as
Bn,k (0, ...,mDz=0fm−1 (kx+ z; a) , ...) =
(
n
k
)
Dkz=0fn−k (kx+ z; a)
which is equivalent to
Bn,k (Dxf1 (x; a) , ..., Dxfm (x; a) , ...) =
1
k!
Dkz=0fn (kx+ z; a) .
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Proof of Theorem 2. When we replace xn by αxn in (2) and we use the well-known identities
Bn,k (αx1, αx2, αx3...) = α
kBn,k (x1, x2, x3, ...) (39)
and Bn,k
(
αx1, α
2x2, α
3x3...
)
= αnBn,k (x1, x2, x3, ...) , (40)
it results that the identity (2) remains true for x1 6= 1. Then for r + s ≥ 1 and for the choice xn =
nDz=0 (e
αzfn−1 (x+ z; a)) in (2), the identity (10) proves that the sequence (Y (n, k)) given by (3)
becomes
Y (n, k) =
(
n
k
)
sk
T
(
T + n− k
T
)−1
BT+n−k, T (α, ...,mDz=0 (e
αzfm−1 (x+ z; a)) , ...)
=
(
n
k
)
sk
T
DTz=0 {e
αzfn−k (Tx+ z; a)} .
For the particular case α = 0, if we take xn = Dz=0 (fn (x+ y; a)) in (2) and we use the identity (11),
the sequence (Y (n, k)) given by (3) becomes
Y (n, k) =
(
n
k
)
sk
T
(
T + n− k
T
)−1
BT+n−k, T (Dz=0 (e
αzf1 (x+ z; a)) , ...)
=
n!
k!
sk
T
1
(T + n− k)!
DTz=0fT+n−k (Tx+ z; a) .
Note that for the case r = s = 0, the sequence (Y (n, k)) given by (12) is not defined. We put in this case
Y (n, k) =
(
n
k
)
fn−k (x; a). Proposition 1 in [4] proves that this sequence satisfies (4).
Proof of Theorem 3. Case α 6= 0 : Let xn =
n
αDz=0 {e
αzfn−1 (x+ z; a)} . We have x1 = 1 and then
by using the identity (10), the sequence (Z (n, s)) given by (6) becomes
Z (n, s) =
1
αR
1
R
(
R + n
R
)−1
BR+n, R (α, ...,mDz=0 (e
αzfm−1 (x+ z; a)) , ...)
=
1
αR
1
R
DRz=0 (e
αzfn (Rx+ z; a)) .
Case α = 0 : Let xn = Dxfn (x; a) /Dxf1 (x; a) . Now because Dxf1 (x) = xDf1 (0) we get Dxf1 (x; a) =
Dx
(
x
x+af1 (x+ a)
)
= Df1 (0) 6= 0. We have x1 = 1 and then by using the identity (11), the sequence
(Z (n, s)) given by (6) becomes
Z (n, s) =
1
R
(
R + n
R
)−1
BR+n, R (Dz=0 (f1 (x+ z; a)) , ..., Dz=0 (fm (x+ z; a)) , ...)
(Dxf1 (x; a))
R
=
1
(Df1 (0))
R
1
R
n!
(R+ n)!
DRz=0fR+n (kx+ z; a) .
Note that if Z (n, s) satisfies (7) then λnZ (n, s) satisfies (7).
Proof of Theorem 4. Let (an;n ≥ 1) be a real sequences; u, v be a natural numbers and we put
F (t)x := 1 +
∞∑
n=1
fn (x)
tn
n! with f0 (x) := 1.
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For F (n, k) :=
∑
j≥k
Bj,k (a1, a2, . . .)D
ju+vk
z=0 {e
αzfn (βj + λk + z; a)}
xj
j! we have
∑
n≥0
F (n, k)
tn+k
n!
= tk
∑
n≥0
tn
n!

∑
j≥k
Bj,k (a1, a2, . . .)D
ju+vk
z=0 {e
αzfn (βj + λk + z; a)}
xj
j!


= tk
∑
j≥k
Bj,k (a1, a2, . . .)
xj
j!

∑
n≥0
Dju+vkz=0 {e
αzfn (βj + λk + z; a)}
tn
n!


= tk
∑
j≥k
Bj,k (a1, a2, . . .)
xj
j!
Dju+vkz=0

eαz∑
n≥0
fn (βj + λk + z; a)
tn
n!


= tk
∑
j≥k
Bj,k (a1, a2, . . .)
xj
j!
Dju+vkz=0
{
eαz (F (t; a))βj+λk+z
}
= tk
∑
j≥k
Bj,k (a1, a2, . . .)
xj
j!
(F (t; a))
βj+λk
Dju+vkz=0 {e
αzF (t; a)
z
}
= tk
∑
j≥k
Bj,k (a1, a2, . . .)
xj
j!
(F (t; a))
βj+λk
(α+ lnF (t; a))
ju+vk
= tk
∑
j≥k
Bj,k (u1, u2, . . .)
xj
j!
=
tk
k!

∑
m≥1
um
xm
m!

k
=
tk
k!

∑
m≥1
amF (t; a)
βm+λ
(Dz=0 (e
αz (F (t; a))
z
))
mu+v xm
m!

k
=
tk
k!

∑
m≥1
amD
mu+v
z=0
(
eαzF (t; a)
βm+λ+z
) xm
m!

k
=
tk
k!

∑
m≥1
am
∑
j≥0
Dmu+vz=0
(
eαzfj (βm+ λ+ z; a)
tj
j!
)
xm
m!

k
=
tk
k!

∑
j≥0
tj
j!
∑
m≥1
amD
mu+v
z=0 (e
αzfj (βm+ λ+ z; a))
xm
m!

k
=
tk
k!

∑
j≥0
vj
tj
j!

k
=
1
k!

∑
j≥1
jvj−1
tj
j!

k
=
∑
n≥k
Bn,k (v0, ..., jvj−1, ...)
tn
n!
,
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where um = am (F (t; a))
βm+λ
(α+ lnF (t; a))
mu+v
= amF (t; a)
βm+λ
(Dz=0 (e
αz (F (t; a))
z
))
mu+v
(m ≥ 1)
and vm =
∑
m≥1
amD
mu+v
z=0 (e
αzfj (βm+ λ+ z; a))
xm
m! = F (m, 1) (m ≥ 0) . Then, we obtain
Bn,k (F (0, 1) , . . . , jF (j − 1, 1) , . . .) = k!
(
n
k
)
F (n− k, k)
and this means that the sequence
X (n, k) := k!
(
n
k
)∑
j≥k
Bj,k (a1, a2, . . .)D
ju+vk
z=0 {e
αzfn−k (βj + λk + z; a)}
xj
j!
(41)
satisfies (4). To obtain (16), it suffices to take xn = X (n, 1) in (2), where (X (n, k)) is the sequence given
by (41). Indeed, the sequence given by (3) becomes
Y (n, k) =
(
n
k
)
sk
T
(
T + n− k
T
)−1
BT+n−k, T (X (1, 1) , X (2, 1) , . . .)
=
(
n
k
)
sk
T
(
T + n− k
T
)−1
X (T + n− k, T )
=
(
n
k
)
sk
T
T !
∑
j≥T
Bj,T (a1, a2, . . .)D
ju+vT
z=0 {e
αzfn−k (βj + λT + z; a)}
xj
j!
.
For the particular case α = 0 and u ≥ 1 we remark that X (n, 1) = 0 for u + v > n − 1 and then the
identity (41) becomes
Bn,k

 u+v︷ ︸︸ ︷0, ..., 0, X (u+ v + 1, 1) , X (u+ v + 2, 1) , . . .

 = X (n, k) (42)
or, equivalently, by using the well-known identity
Bn,k (0, ..., 0, ar+1, ar+2, ...) =
n!
(n− rk)!
Bn−rk,k
(
a1+r
(1 + r)!
, . . . ,
i!ai+r
(i+ r)!
, . . .
)
.
Setting X∗ (n, k) := n!X (n+ (u+ v) k, k) / (n+ (u+ v) k)!, the identity (42) becomes
Bn, k (X
∗ (1, 1) , X∗ (2, 1) , . . .) = X∗ (n, k)
To obtain (17) it suffices to take xn = X
∗ (n, 1) in (2). Indeed
Y (n, k) =
(
n
k
)
sk
T
(
T + n− k
T
)−1
BT+n−k, T (X
∗ (1, 1) , X∗ (2, 1) , . . .)
=
(
n
k
)
sk
T
(
T + n− k
T
)−1
X∗ (T + n− k, T )
=
n!
k!
sk
T
T !
∑
j≥T
Bj,T (a1, a2, . . .)D
ju+vT
z=0
{
eαz
f(u+v)T+n−k (βj + λT + z; a)
((u+ v)T + n− k)!
}
xj
j!
.
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Proof of Theorem 5. For α 6= 0 it suffices to put in (5) xn = X (n, 1) /X (1, 1) , where (X (n, k)) is
the sequence given by (41). We have
x1 = X (1, 1) =
∑
j≥1
ajα
ju+v x
j
j!
= αvϕ (xαu) with ϕ (x) :=
∑
j≥1
aj
xj
j!
.
The sequence (Z (n, s)) given by (6) becomes
Z (n, s) =
1
(X (1, 1))
R
1
R
(
R+ n
R
)−1
X (R+ n,R)
=
1
(αvϕ (xαu))
R
R!
R
∑
j≥R
Bj,R (a1, a2, . . .)D
ju+vR
z=0 {e
αzfn (βj + λR+ z; a)}
xj
j!
.
For α = 0 it suffices to put in (5) xn = X
∗ (n, 1) /X∗ (1, 1) , where (X∗ (n, k)) is the sequence given by
(??). We have
X∗ (1, 1) =
X (u+ v + 1, 1)
(u+ v + 1)!
=
{
a1x (Df1 (0))
u+v
if u ≥ 1
(Df1 (0))
v
ϕ (x) if u = 0
The sequence (Z (n, s)) given by (6) becomes
Z (n, s) =
1
(X∗ (1, 1))
R
1
R
(
R+ n
R
)−1
X∗ (R+ n,R)
=
n!
(X∗ (1, 1))
R
R!
R
∑
j≥R
Bj,R (a1, a2, . . .)D
ju+vR
z=0
{
fn+(u+v)R (βj + λR+ z; a)
(n+ (u+ v)R)!
}
xj
j!
.
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